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Abstract
We numerically investigate the excitability of Zero Group Velocity modes by pulsed laser excitation. Within the numerical sim-
ulations we solved the coupled heat and wave equations using the ﬁnite diﬀerence method and studied the inﬂuence of the ratio
of the laser spot diameter (D) to plate thickness (h). Transient and steady-state responses were obtained in the time domain. In
the simulations we have studied the transient response of tungsten plates with Fourier-transforms. The obtained numerical results
show how the ratio D/h inﬂuences the coupling of the excitation into the Zero Group Velocity modes.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Scientiﬁc Committee of 2015 ICU Metz.
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1. Introduction
Within the dispersion relations of plates, the slope of the dispersion curve, and hence the group velocity of the wave
mode, becomes zero tt Zero Group Velocity (ZGV) points [Prada et al. (2005b)]. Hence, energy cannot be carried
away from a given excitation source, leading to a strong and easily detectable resonance of the plate. This behavior is
observed for the second symmetric branch of the Lamb wave dispersion curve [Tassoulas and Akylas (1984)] but also
some other modes of the Lamb wave spectrum exhibit ZGV points.
Laser based ultrasonics has been found to be well-suited for experimental studies of Lamb wave propagation [Prada
et al. (2005b); Clorennec et al. (2006); Veres et al. (2014); Clorennec et al. (2006)]. Experiments on metallic plates
with a pulsed laser source have shown that the S 1 ZGV mode oscillates particularly long and dominates the plate
response. Exceptional sensitivity to thickness has been demonstrated and by taking advantage of the slowly decaying
ZGV resonance, also the thickness of a thin deposited layer on a thick plate has been evaluated [Ces et al. (2011)].
In previous works [Balogun et al. (2007); Prada et al. (2005a)] a numerical technique, based on an integral-
transform method, was pursued to investigate the optimal optical spot size for exciting the S 1ZGV resonance. The
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Fig. 1. Dispersion relation of Lamb waves with ν = 0.284. ZGV points are visible for the S 1, A3 and A7 modes.
optimal diameter was found as approximately the half the wavelength of the ZGV mode. In this paper, we perform
time domain ﬁnite diﬀerence simulations of the thermoelastic generation of ultrasound.
2. Excitability of ZGV Lamb waves
2.1. ZGV modes in Lamb waves
A typical Lamb wave spectrum determined by symmetric and antisymmetric modes is plotted on Fig. 1. For the
corresponding Poisson’s ratio of ν = 0.284 three ZGV points exist in the presented range: in the S 1, A3 and A7 mode.
2.2. Numerical simulation of the excitability of ZGV-modes
Time and frequency domain FEM simulations are powerful means to investigate wave propagation problems [Veres
and Berer (2012); Veres et al. (2012)]. We simulate the excitation of elastic waves by a thermoelastic source, similarly
to the time-domain ﬁnite-diﬀerence scheme presented in [Veres et al. (2013); Veres (2010)]. We assume isotropic
thermophysical properties with density ρ and bulk wave velocities (cl, cs) given as ρ = 193000 kgm−3, cl = 4858 ms−1
and cs = 2668 ms−1. The thermal properties are given as α = 4.5 × 10−6 K−1, K = 173 W(mK)−1, cv = 134 J(kgK)−1
[Every et al. (2013)]. The thickness and the length of the plate are 50 μm and 5.6 mm, respectively, corresponding to
a discretisation of 6559 × 119 cells, or 1.56 × 106 DOF, with cell dimensions of Δr = 0.85 μm and Δz = 0.42 μm.
The simulations were carried out in the time domain with a duration of 2 μs.
The generation of ultrasound by laser-irradiation is described by the coupled heat conduction and wave equations.
First, the heat equation must be solved which is given in polar coordinates (r, z) as:
−1
r
∂
∂r
(rqr) − ∂qz
∂z
= ρcvT˙ − q0, qr = −K ∂qr
∂r
, qz = −K ∂qz
∂z
, (1)
where T denotes the temperatures, K the thermal conductivity, cv the speciﬁc heat of the material at constant defor-
mation, q0 the external surface heat ﬂux, ρ the density, and qr, qz are the heat ﬂux densities. The presented formalism
with ﬁrst order diﬀerential equations allows an eﬃcient, staggered-grid solution using ﬁnite diﬀerences [Every et al.
(2013); Veres et al. (2013)]. The wave equations in polar coordinates are given as:
ρu¨r =
∂σrr
∂r
+
∂σrz
∂z
+
σrr − σθθ
r
, ρu¨z =
∂σrz
∂z
+
∂σzz
∂z
+
σrz
r
, (2)
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Fig. 2. Results of the numerical simulations: (a) Frequency domain response of the Tungsten plate as a function of the D/h ratio. (b) Frequency
domain response of the Tungsten plate for D/h = 0.75. The inset in (b) shows the amplitude of the Fourier transforms at the S 1, A3 and A7 ZGV
frequencies from the numerical simulations.
where ur, uz are the components of the displacement vector, λ and μ are the Lame´ constants. The stress components
are calculated as:
σrr = (λ + 2μ)
∂ur
∂r
+ λ
(
∂uz
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+
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r
)
, σθθ = (λ + 2μ)
ur
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)
, (3)
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)
, (4)
The volumetric thermal expansion is replaced in the current investigations by a radial surface force [Every et al.
(2013)] which allows the use of two diﬀerent grids. The surface force couples at the same time the heat and wave
equations; the force is given for the discretised system for the ith spatial position as:
iFnr = −2μ
α(3λ + 2μ)
λ + 2μ
d
dr
n∑
j=1
i, jT nΔz, (5)
where the derivation is done numerically. The surface force is interpolated on the grid of the wave propagation
problem and used as external force to generate elastic waves. Hence, instead of stress-free boundary conditions this
force is prescribed at the boundaries as σrz.
2.3. Results and discussion
In the simulations the velocity-response of the plate was stored along the epicentral axis. The evaluated spectrums
for diﬀerent D/h ratios between 0.5 and 5.5 are shown on Fig.2(a). Three ZGV points are visible in the spectrum for
D/h = 0.75 (Fig.2(b)); the S 1 ZGV point at 2.3 MHzmm, the A3 point at 4 MHzmm and the third point is a ZGV point
of the A7 mode. The S 1 ZGV point dominates the spectrum and the response is maximal for D/h ≈ 1.5 which agrees
well with previous results [Balogun et al. (2007)]. With increasing spot diameter, however, the coupling reduces and
the cut-oﬀ frequencies start to become visible.
3. Conclusion
In the presented paper the excitability of ZGV Lamb waves by laser ultrasound was studied. Theoretical predictions
were given numerically by solving the coupled heat and wave equations with ﬁnite diﬀerences. The excitability of the
ZGV mode was obtained by the Fourier transform of the obtained response. The results show that the coupling of the
laser source into the ZGV mode is strongly dependent on the ratio of the plate thickness to spot diameter.
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